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STATEMENT OF PROBLEM

The printed circuit or "microstrip" antenna has previously
been, shown to be a useful radiator for a wide variety of appli-
cations. Its utility lies mainly in its low profile and in its
ease of construction, and ruggedness. Almost all investigations,
however, have been superficial, in the sense that their only
goal was for the particular design for yet another application.

The task that remained was a careful investigation, both theo-

retical and experimental, of this class of antennas with the
goal of explaining the basic nature of the radiation that was
being observed empirically. Once the more basic features were
unearthed the analysis would also be of aid in practical design

problems.




SUMMARY OF RESULTS

At an early stage in the project, it was decided that the
proper course of action was to concentrate the effort on one
particular shape of printed circuit radiator. To minimize the
mathematical difficulties assoclated with finding an analytical
solutlion a geometrically simple shape was needed. However, the
shape chosen should also be of practical use. For these rea-
sons a circular disc was chosen as the radiator to be investi-
gated.

The theoretical investigation was begun with a zeroth
order theory based on the modes of a circular disc cavity
resonator. The lowest order mode was found to support fields
which produced a broad far field pattern with a maximum normal
to the plane of the disc. The electric and magnetic fields be-~
tween the disc and the ground plane were found for this special
lowest order resonant mode. Using these fields the currents
on the radiator were calculated along with the far field
radiation patterns. Once these were found all the radiation
characteristics of the antenna were derived. Expressions for
the total radiated power, directive gain, dielectric losses,
conductor losses, efficiency, and Q-factor were then found as
a function of the dielectric thickness, dielectric constant,
and loss tangent as well as the frequency and size of the disc
subject to the constraint that the resonance condition was

maintained. Detailils and explicit analytical formulas are shown

in Appendix 1I.




i'rom carlier cxperimental work it was already cbvious that

the simple zeroth order approximation for the resonant f{requency
was not accurate enough. For this reason a first order solution
was derived for the resonant frequency using a better approxi-
mation for the capacitance of the circular disc structure. An
analytical sclution was found which requires no numerical inte-
grations or complicated computer calculations, and which is
accurate enough to provide much more insight intoc the design
problem. The derivation of this first order resonant frequency
is shown in Appendix II.

The experimental investigation was carried out along two
separate projects. The first was a model of sorts which consist-
ed of a circular aluminum disc separated from a ground plane by
a styrofoam slab. Several sizes of discs were used along with
various thicknesses of the styrofoam. Each disc could be fed
at several points along a radius of the disc and probes were
constructed to measure the electric field between the disc and
the ground plane. The driving point impedance, the resonant
frequency, and the internal fields were all measured over a fre-
quency range about the resonant point.

The second approach used actual antennas etched on printed
circuit boards of various thicknesses. The far field radiation
patterns were measured along with the impedance and resonant
frequency. The results of both experiments were compared with

the previously derived zeroth order far fields and the first

order resonant frequency.




In each case resonable correlation was found. The measured
input impedance as a function of frequency was used to calculate
an experimental value of the Q-factor. 1ts dependence on the
size of the disc and the dielectric thickness was noted and com-
pared with the previous theoretical calculaticn for the Q-factor.
Again reasonable agreement was found. Detalls of both investi-
gapions are shown in Appendix III.

Although all the specific details and calculations were made
for one particular shape, the results seem to apply to the en-
tire class of printed circuit antennas. For example the behavior
of the efficiency on the thickness of the dielectric substrate
would be expected to be the same for a rectangular "patch" radi-
ator. The same techniques could be applied in that case with

a similar family of theoretical curves resulting.

|
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The Theory of the Circular Disc, Printed Circuit Antenna

Stuart A. Long, Ph.D.; Liang C. Shen, Ph.D.; Pierre B. Morel, M.S.

ABSTRACT

A planar, conducting struciure an electrically small distance above a
ground plane can be constructed to radiate in the direction normal to its
plane while still retaining its low profile characteristics. A circular disc
structure is analysed theoretically to provide aid in the design of such
antennas. The currents, fields, total radiated power, directive gain, losses,
Q-factor and efficiency are all calculated at several frequencies for various

3 values of the thickness, dielectric constant, and loss tangent of the material

that separates the antenna from the ground plane.

Drs. Long and Shen are with the Department of Electrical Engineering, Univer-
? sity of Houston, Houston, Texas 77004. Mr. Morel was formerly with the
b/ University of Houston and is now serving in the French military.
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LIST OF SYMBOLS

radius of the circular disc

separation of disc from ground plane

skin depth of conductor

total electric radiation field

electric field at the aperture of the cavity
magnitude of electric field inside the cavity
axial electric field inside the cavity
electric radiation field in é-direction
electric radiation field in &-direction
directive gain

total magnetic radiation field

radial magnetic field inside the cavity
circunferzantial magnetic field inside the cavity
first numerically calculated integral

second numerically calculated integral

Bessel function of order n

derivative of the Bessel function with respect to its argument
wave number of the dielectric

wave number of free space

radial surface current on disc
circumferential surface current on disc
equivalent magnetic surface current

mode number

unit vector normal to the aperture

losses due to the imperfect dielectric

losses due to the imperfect conductors
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rad

total radiated power

total Q-factor

Q due to dielectric losses

Q due to conductor losses

Q due to radiation
cylindrical radial coordinate
spherical radial coordinate

surface resistivity of conduc

tor

total stored electromagnetic energy in the cavity

loss tangent of dielectric (t

an 6)

permittivity of the dielectric

permittivity of free space

real part of dielectric permi

ttivity

imaginary part of dielectric permittivity

efficiency

spherical polar angle coordinate !

permeability of the dielectri
permeability of free space

conductivity of the conductor

c

cylindrical and spherical azimuthal angle coordinate

angular frequency
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1. Introduction

Printed circuit antennas consisting of a planar radiating structure over
a ground plane separated by an electrically thin layer of dielectric have
been recently applied to a variety of systems, These antennas are low-
profile, extremely rugged, and normally quite inexpensive to fabricate when
standard printed circuit techniques, such as photo-etching, are used. They
are capable of radiating quite efficiently in the direction normal to their
plane without protruding any great distance. The major disadvantages are
their narrow band characteristics and the associated difficulties in design
resulting from this sensitive nature of the performance characteristics as a
function of frequency.

One particular printed circuit antenna, the circular disc radiator,
shown in figure 1 was chosen to be analysed theoretically with the ultimate
goal being to provide a design procedure for practical antennas etched on
printed circuit boards. Theoretical formulas are obtained for the associated
currents, far fields, radiated power, directive gain, ohmic and dielectric
losses, efficiency, and Q-factor. These parameters completely characterise

the circular disc, printed circuit antenna.

2. Currents and Fields

The fields inside the region between a circular conductin§ disc and a
ground plane have previously been found using an analysis of the resonance
conditions of such a structure.I To retain the desirable low-profile
characteristics the thickness of the antenna, which is the separation distance
d of the disc frcm the ground plane, must remain electrically small. For this
reason, field configurations between the plates having only circumferential

and radial variations but no variation in the z-direction have been investi-
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gated. The following fields are fou«!

E. = Ean(kr)cos no (1a)

H = '—J-‘ZL‘E EJ, (kr)sin ng (1b)
e

Hy = 1{(’-"-9 E,J! (kr)cos ng (Ic)

where n is an integer, k = w/ue, Jn is the Bessel function of order n, and
J; is the derivative of the Bessel function with respect to its argument.
The dielectric material is characterised by a permittivity € and a permeabili-

ty u and a time dependence of ert is assumed.

The surface curents on the disc can then be found with K¢ = -Hr and
Kr = H¢. The radial component of this current must vanish, however, at the
edge of the disc which requires that:
Kr(r=a) = HQ(r=a) =105 Jn(ka) = Q (2)

Thus for each modal configuration a particular radius can be found for reson-
ance corresponding to zeros of the derivative of the Bessel function. The
n=1 mode has the lowest resonant frequency which corresponds to a minimum
radius of ka = 1.84. This particular mode is usually excited in practical

circular disc antennas. All formulas presented hereafter are for this domin-

ant n=1 mode. Thus, the frequency, dielectric constant, and radius of the

antenna are always chosen in such a combination that ka = 1.84. The previously
found surface currents on the disc can be calculated for this n=1 mode and
are shown in figure 2.

If one neglects the thin layer of dielectric outside the cavity formed

by the disc and the ground plane, the radiation fields can be calculated.

A=5




The fields present at the aperture '+ .ween the disc and the ground plane, éa'
. »

can be represented by an equivalent magnetic surface current M=n x E3 where

n is the outward pointing normal to the aperture in the f direction. The

integration of the equivalent magnetic surface current can be carried out

analytically for the radiation fields.

-jk R
-jE_ e © J. (ka)sin(k d cos 8)a cos ¢ J!'(k a sin 6)
o) 1 [e) 1o
Eg = (3a)
R cos ©
-jk R
e JE e J](ka)snn(kod cos 8)sin ¢ Jl(koa sin 6) (3b)
¢ k R sin 0
o

Details of the derivation are given elsewhere,2 These fields are shown in

the two principal planes for several values of dielectric constant in figures

3 and 4.

3. Total Radiated Power and Directive Gain

The total radiated power for the dominant mode can be found using Poynting's
theorem and the previously calculated far fields. Only power radiated through
the upper half sphere will be considered due to the presence of the ground

plane.

Py .‘,Z {-;- et € x 1 ¢+ ds) (4a)
e U 2
AP L—‘/En d"E_Jy (ka) [(k @)1, + 1,] (4b)
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where

N2 T Btk
JI (koa sin 0)sin 6 d6

c0520

2 ;
% J](koa sin 6)df

and |, cannot be integrated analytically, but can

The two expressions for | 2

]

be evaluated numerically.
The directive gain, defined as the ratio of the power density in the
direction of maximum radiation to the average radiated power density, can be

found from the previously found fields and the total radiated power.

| - %
7 Re(EgH, - E¢HO)|O e
2

Prad/Z"R

1 2

2-2 2.2
o= d Eo(koa) Jl(ka) § k“a

480

Prad k a2 il
As long as ka remains equal to 1.84 and the antenna remains electrically thin
the theoretical directive gain is not dependent on the exact value of the
thickness. As seen in the patterns of figures 3 and 4 one would expect a
lower value of gain for increasing dielectric constants. Its functional
dependence is seen in figure 5 to vary from a maximum value of 4.84 for an
air dielectric down to a value of approximately 1.7 for large dielectric
constants. |t should be noted that each change in dielectric constant

requires a corresponding variation in the physical size of the disc so that
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ka remains 1.84.

4. Losses Due to Finite Conductivity and the Imperfect Dielectric

To obtain an approximation to the power losses due to the finite conduc~
tivity of the disc, the currents found for the ideal conductors are utilised.
For a conductor with surface resistance RS the losses in the disc and ground

plane are:

yi

" + Ki)rd¢dr (6a)

RS
PL= 25 l (K

The integral can be carried out analytically to yield the expression for

the power loss.

2
mEp. /2 ETE
_ 0 G o e 2
PL = ( - ) TT-k—z— ——‘uo {'2— J‘(ka)[(ka) - 1]} (6b)
(o)

It is noted that these losses are independent of the thickness and that since

ka = 1.84 they are also independent of the dielectric constant but are propor-

= - 2
tional to f 3/2 and © ‘/“.

For the case of an imperfect dielectric there exists the possibility of
additional losses within the dielectric. These losses can be -found by inte-

grating the previously found fields over the volume of the cavity.

2 e > 3yt
Elig s E <k dv (7a)
vol
The dielectric material is characterised by €¢ = ¢' - je'' or by the loss

tangent, tan & = £'"/e'. Again, the integration is carried out analytically.

T —




"'____,_.__..,._.............-----;---m---u-----—-n--—-----L w—

tan 6 d EZ Jf(kn"’ka)2'|] (
P = 7b)
D 8u0f

For our imposed condition of ka = 1.84 further simplification is possible.

<k d Eitan 8
P.=1.610 x 10

It should be noted that the dielectric losses are not dependent on the actual
value of the dielectric constant, but rather only on the ratio £'/¢, and that

they are directly proportional to the thickness.

5. Efficiency

Allowing the possibility of power being lost in both the lossy dielectric

and the imperfectly conducting walls the efficiency can be calculated.

P

rad
S (8)
Pead L Fp

This efficiency will depend on the thickness of the antenna, the frequency
of operation, the permittivity and loss tangent of the dielectric material,

and the conductivity of the radiating element. Any number of curves may be

‘ drawn to show these variations. Two such families of curves are shown in T
i

figures 6 and 7. In each case three of the five parameters are held constant.

The values of d = .152 cm. Er = 2.55, and tan 6 = 2 x \0_3 correspond to

typical values for microwave printed circuit board. The value of 0 was not

7

i taken to be the theoretical value 5.8 x 10’ mho/m for bulk copper. Experience i3

has shown that the effective value of the conductivity will be reduced due
to surface roughness at the dielectric interface. A value of 0 = 1.0 x 107 i

mho/m was chosen to be representative of this reduction. The efficiency is

A-9




seen to increase for higher frequenc ins, greater thicknesses, and, of course, A

smaller loss tangents. It should be noted again that curves for different

frequencies must represent different physical devices since ka is required to

equal 1.84,

6. Quality Factor Q of the Cavity

The stored energy in the ''cavity'' between the radiating disc and the
ground plane can be calculated and then compared with various energy losses
to compute the values of several different Q-factors. The total stored electro-
magnetic energy, wT, is independent of time. Therefore, it may be calculated
from either the maximum electric fields or the maximum magnetic fields.

Either can be evaluated analytically to give the following result:

2
Eo dm 2 2
Wy = ——— [(ka)® - 1] Jj(ka) (9)
b w”

Q-factors may then be defined and calculated as follows with a remarkable

simplification of the results.

S oMT . 1 o i wWT
D P fan 6 > “rad P (10)
D rad
W
ot s Sl i -1/2
Q = F:— - g; ; d = (mfuo) (1)

A total 0 can also be found which includes all the losses.




Values of Q are shown graphically ir “igures 6 and 7 along with the efficien-
cies. k

In figure 6 the total Q is dominated by the conductor losses for the
smaller values of the thickness and by the radiation losses for the larger
values. This results in a maximum value for Q in the middle range of thick-
nesses. The exact position of these maxima is dependent on the frequency.
It should be noted that for all cases in figure 6, QD remains constant at a
value of 500 and does not affect the value of Q to any extent. |[f the dielec-
tric losses are allowed to increase, a sharp decrease in the value of Q is

seen in figure 7. For the smaller values of the loss tangent Qrad and QL

again dominate resulting in a constant value of Q for each frequency.
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FIG. 2 SURFACE CURRENTS FOR N=I MODE
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COMMUNICATIONS

APPENDIX II

Resonant Frequency of a Circular Disc, Printed-Circuit
Antenna

L. C. SHEN, S. A. LONG, M. R. ALLERDING, AND M. D. WALTON

Abstract —-The resonant frequency’is obtained in analytical form for
a planar, circular disc antenna which is etched on a printed-circuit
board so that the low-profile antenna is separated from the ground
plane only by a thin layer of dielectric material. The formula is found
to have an error of less than 2.5 percent when compared with experi-
mental data.

Manuscript received November 22, 1976; revised December 22,
1976. This work was supported by the U.S. Army Research Office
under Grants DNHC04-75-G0187 and DAAG-29-750187.

The duthors are with the Department of Electrical Engineering, Uni-
versity of Houston, Houston, TX 77004.

INTRODUCTION

Planar, circular disc antennas which are etched on pninted-
circult boards are being used in a vanety of systems as low-
profile antennas. Theoretical formulas have been obtuned
previously for the current distnbution on the antenna,
far-fields, radiated power, directive gain, and other character-
istics [1]. The zeroth-order resonant frequency of the antenna
is given by (2]

1.841
f(O) = - =8

2man/e

where a 1s the radius of the disc as shownin Fig. 1, and u and
€ are the permeability and permittivity of the dielectric sub-
strate of the printed-circuit board. Experiments have shown
that the resonant frequency given by (1) is always higher than
the measured data. The deviation of the zeroth-order resonant
frequency from the measured data depends on the dielectric
constant € and the separation d, as defined in Fig. 1. This
error ranges from 4 percent for small 4 and high € to 1 7 percent
for larger d and lower € It 1s noted that larger separations and
lower permittivities may result in higher radiated powers [1]
and thus for practical radiators one may find large differences
between the actual resonant frequencies and the zeroth-order
theory.

Several methods have been reported in the literature to
calculate the resonant frequency more accurately for the
circular disc antenna. A numerical method was used by [toh
and Mittra [3]. An equivalent radius, equivalent’ dielectric
constant concept was developed by Wolff and Knoppik (4],
but an analytical formula for the equivalent dielectric constant
was not given. More recently the resonant frequency was
obtained by Borkar and Yang [5] by solving a dual integral
equation. Numerical integration was then used to carry out
certain integrals.

In this paper an analytical formula is derived for the
resonant frequency. The formula is simply expressed in
algebraic form involving no numerical integration and yields
a result very close to the measured data.

(1)

CAPACITANCE AND INDUCTANCE

The zeroth-order capacitance of the circular disk over a
ground plane is

na?
0y s = ()
d

Since the zeroth-order resonant frequency is given by (1) and

1
e (3)
. 2m/LC

the zeroth-order inductance is given by

ud

L(o) =
‘ﬂZoZ

(4)

where zo = 1.841 corresponds to the first zero of J;'(z), the
derivative of the Bessel function of order 1.
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Fig. 1. Circular disc antenna and its resonant frequency as function
of radius.

As shown in previous work [3]-(5], accuracy of the
formula for the resonant frequency may be improved with a
better approximation for the capacitance.

A simple algebraic formula for the first-order capacitance is
available (4] when the dielectric substrate is replaced by air:

c) =01 + A) (5a)

where

2d Ta
=— iin|—=— | ©1.7726 fore =¢€q . (5b)
na 2d

For € different than €g, the capacitance is expressed by [5]

ma’e : i
C=T(1—Co+co—co + ) (6)

where

B = 2/“ (€/€g) tanh (pd/a) ;
o o | (pd/a)[tanh (pd/a) + (e/€y)]

V1(p)12
c——dp
p

(7)

and ¢q’ and ¢’ are infinite series given in [S].
For small d/a, co' and ¢y’ can be neglected and

~2(d/a)
¢og = — —— (logarithmic term).
(e/€g)

Comparing the above result with (5b) suggests the following
approximate formula for ¢q:

=3d na
co=—A=——|In[— ) +1.7726 |. (8)
n(€/€q)a 2d

——
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Fig. 2. Zeroth- and first-order resonant frequencies compared with
experimental results.

The first-order resonant frequency f(1) is then given by
1
s 9
ZWVLZU;CIM(I + 4) 2

where A is given by (8).

f(‘) =

COMPARISON OF THEORY AND EXPERIMENT

The accuracy of the formula (9) is demonstrated in Figs. 1
and 2. In Fig. 1, the theoretical and experimental data reported
in [5] are compared with the present theory with very good
agreement resulting. In Fig. 2, experimental data obtained by
Allerding (6] and Walton (7] are compared with the present
theory. The experimental resonant frequencies were obtained
by measuring the input impedances of circular disc antennas
as the operating frequency was varied. All antennas were
driven at the edge, as shown in Fig. 1. An antenna was con-
sidered to be at resonance when its input reactance was zero
(or equivalently the input resistance was a maximum).

It is seen in Fig. 2 that while the zeroth-order formula gives
an error of approximately 3 to 17 percent, the present theory
predicts the resonant frequency with less than a 2.5 percent
error.
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An Experimental Measurcuent of the Radiation
Fields and the Q-Factor of a Circular Disc Antenna

Mark D. Walton, Stuart A. Long, and L. C. Shen

Abstract

A radiating structure consisting of a circular disc over a ground plane

separated by an electrically thin layer of dielectric has been constructed.

Its radiation patterns have been measured and compared with previously derived

theoretical far fields. |In addition an experimental Q-factor was found from

a measurement of the input impedance and also compared with theory.
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l. Intr ‘uction
Printed circuit antennas consisting of a planar radiating structure over
a ground plane have been used in a variety of systems[1,2]. One particular
printed circuit antenna, the circular disc, shown in figure | is investigated
experimentally. The far field radiation patterns and Q-factor were both

measured and compared with existing theory.

2. Theoretical Results

The fields inside the region between a circular conducting disc and a
ground plane have previously been found using an analysis of the resonance
conditions of such a structure[3]. To retain the desirable low-profile
characteristics the thickness of the antenna, which is the separation distance
d of the disc from the ground plane, must remain electrically small. For this
reason, field configurations between the plates having only circumferential
and radial variations but no variation in the z-direction have been investi-

gated. Under these restrictions the field inside the cavity can be calculated.

E, = Ean(kr)cos nd (1a)
= - jwen :
H, > Ean(kr)s.n no (1b)
il
- -j“)C |
H¢ T EOJn(kr)cos nod (1c)

where n is an integer, k = w/ue, Jn is the Bessel function of order n, and

J; is the derivative of the Bessel function with repsect to its argument.

The dielectric material is characterized by a permittivity € and a permeability
: jwt .

u and a time dependence of e is assumed.

The surface currents on the disc can be found and the radial component

required to vanish at the edge of the disc.




Thus for each modal configuration a particular radius can be found for reson-

ance corresponding to zeros of the derivative of the Bessel function. The
n=1 mode has the lowest resonant freguency which corresponds to a minimum
radius of ka = 1.84. This particular mode is usually excited in practical

circular disc antennas. All formulas presented hereafter are for this

dominant n=1 mode, and thus the radius is adjusted so that ka remains equal

to 1.84.
Using these zeroth order fields inside the cavity, the radiation fields,
total radiated power (Prad)’ directive gain (GD), losses due to the finite

conductivity, o,of the radiator (P losses due to the imperfect dielectric

F

(P the total stored electromagnetic energy in the cavity (WT), the quality

S
factors due to radiation losses, conductor losses and dielectric losses (Qrad’
QL,QD), the total quality factor (Q), and the efficiency (1) can all be

calculated. These formulas have been previously derived[4] and are listed

here for reference.

-one-Jkor J](ka)sin(kod cos 0)a cos ¢ Ji(koa sin 0) (2a)

E:
? r cos 6
JE e—Jkor J. (ka)sin(k d cos O)sin ¢ J (k. a sin 8)
£ = o) 1 0 1 o (2b)
0 :
kor sin 6
_1“’0 2.2 2 2
Prad s F; m d Eo J](ka)[(koa) I + I2] (3a)
™
'l = Jiz(koa sin 8)sin 6 d6 (3b)
0
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L

s
cos 0 Jz(k0 sin 0)do

2 siin 8 5l
Jo
1 2.2 2
T80 d Eo(koa) Jl(ka)
Bg ™ P
rad
mfu_ 1/2 SRR :
P,= ( ) g —=2 2 fx 3%(ka)[(ka) = 11}
L g k2 271
fo) Yo
i d Ei tan ¢
= =F~Ill
PD = 1.610 x 10 : tan 6 e\ /e
Esdem
W, = [(ka)? - 1192 (ka)
T 2 1
L w” u
(W
—..__T_=__‘_.- = gl
QD = PD e tan § = £''/¢€
wW
o lh - s 51/2
QL e g dS (pfpo)
L s
wa
Q S
rad Prad
i mWT
PD e PL * Prad
n - Prad
Prad *PL* P
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(3¢)

(4)

(7)

(8a)

(8b)

(8c)

(9)

(10)




With the one exception of the total ri'iated power all of the above formulas

were obtained analytically and can be evaluated directly. The integrals in

equations (3b) and (3c) must, however, be evaluated numerically.

3. Experimental Measurements of Radiation Field

The far field radiation patterns were measured for a circular disc
antenna etched on microwave printed circuit board. The diameter of the disc
was 3.76 cm and the printed circuit board was 0.16 cm thick with a teflon-
fiberglass dielectric (xr = 2.47). Both polarizations EO and E¢ of the electric
field were measured at the resonance frequency of 2.815 GHz. The antenna was
fed at the edge of the disc at ¢ = 0 by a coaxial cabie from behind the ground
plane. Several patterns were taken for each polarization as a function of 6
for various values of ¢. Several of these are shown in figures 2 and 3 along
with the theoretical fields from equation (2). Quite reasonable agreement is

seen with the single exception of E, in the plane of the antenna (6 = 1/2).

6
This deviation between theory and experiment is due to the finite size ground
plane used in the experimental model. Similar agreement was found for various

other thicknesses and diameters[5].

4. Measurement of the Input Impedance and Q-Factor

The input impedance of several circular disc, printed circuit antennas
was measured as a function of frequency using a network analyzer. Each
antenna was edge fed and designed to radiate in the n=1 mode (ka = 1.84).
Identical size discs were etched on three different thicknesses of printed
circuit board and three different size discs were constructed on the same
thickness board. A least-square fit model in the form of a parallel R-L-C
circuit was then found from the experimental impedance points near resonance

(see appendix). This model in turn allowed the experimental Q-factor to be
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calculated and then plotted as a func!ion of the thickness d in figure 4. In
addition the theoretical curves for Q from equation (9) are also shown for

each of the resonant frequencies of the discs. One set of curves is shown

which corresponds to the exact parameters of the antenna, A 2.47, tan 6 =

3

2 x10 7, and 0 = 5.8 x IO,HmO/HL A similar set of curves is also shown

" with all parameters remaining the same except for the conductivity reduced to

o= 1.0 x I07mho/m. Some reduction in the effective conductivity should be
expected due to the slight irregularities in the surface between the copper
disc ard the dielectric. With this change in conductivity the values of
experimental Q's are seen to correlate very well with the family of theoretical

curves.

5. Efficiency
Using an effective conductivity of 0 = 1.0 x l07nmo/na the efficiency of
the antennas can be calculated from equation (10). These values are shown in
figure 5 for several different frequencies as a function of the thickness of
the antenna. No direct experimental measurements have been made for the
efficiency but the previous comparisons of Q-factors indicate that these

similarly calculated efficiencies should also be accurate.

Appendix
Least-Square Fit Model for Calculation of Q-factor
For frequencies near resonance the impedance of a circular disc, printed
circuit antenna behaves much like an R-L-C parallel resonant circuit. The

input admittance of the circuit is given by

= : 1
Y =6+ j(wC wL)

For a given set of experimental data (Yn = Gn + jBn) taken at a frequency w,
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Y

the quantity S is to be minimized.

y B 2
S = N z Y(wn)- Ynl
n=|
d-/?‘.’-

The three element values can then be found from setting’hS/aC = 35/sL = 0.

The resulting equations can be shown to be:

1 N
G=-—- I G
N n
n=1
N N N
C I w -=—= L Bw =0
n=1 L n=) "
| N | N Bn
NC'T_‘Z —=. X u-'—=0
n=1 W, n=l n

N Bn | N l_ N
U e R R S
n=l n n=l n n=|
C =
.5 s
2n(N-=( £ =)( & f9)]
N 2 n
n=1 fn n=1

Then using the calculated values of G and C from the resonant circuit model

and the experimental resonant frequency the Q-factor may be calculated.

21f G
o)

Q=G

Results of this least-square-fit model are shown in figure Al. The
real and imaginary parts of the impedance are shown for the parallel resonant
circuit along with the experimental data. Good agreement is seen for all
parts with the possible exception of a slight shift in the imaginary part,

but this shift does not affect the calculation of the Q-factor.
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Far field radiation patterns (E¢)

Q-factor versus thickness for various frequencies

Efficiency versus thickness for various frequencies

Impedance of circular disc, printed circuit antenna - experimental
and least-square fit data

c-9




34N LONYLS OSId dv7INJNHID 1914

INYId ANNOYD
ONILONANOD ——

041037310




gpPo

)6

02 Gl ol S gp(
P ey T C
WI///
~ X
/// ~
- “x
\
\
\
IVLNIWIYIIX3 l\xq_.
AVOILIYOIHL
09 .
\\
apP Gt 5
/
y/
og = o]
0=8




SNY311vd NOILVIAVvy

ai3id ¥vd ¢ 914

|
AVLINIWIY3IX3| >~

IVOILIYOIHY ;




120

— =58 %10 mho/m |
——0o=10 x 10" mho/m "
o EXP f=10 GHz

& EXP f=2.0 GHz
% EXPf=2.8GHz

f=1.0GH
\Z
— -
o /£22.0
Coyo % e
-~ ’ ~—
\\ \\\
/ \\\ \\\\
f=28 \\\ \\\\
- G
€.:247

tan 3 =2 x 163




100

80

(%)

60

40

20

f=2.8 GHz

€(=2.47

o=l.0x IO7 mho/m

tand=2 x 10°




i eo d=0.16
o € =2.47 "
P Nigaiee * Z. (LEAST
A SQUARE FIT - 200
400 / DATA)
! x Zg(OTHER) | Z,
Zq ® Z, (LEAST (OHM®
JHMS) ¥ SQUARE FIT
| DATA) 1 100
| a8l o Z; (OTHER) ‘
A ——MODEL 5 |
2
* S
200 P

-100
100

=7 2.8 2.9 3.0
FREQ (GHZ)




